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Abstract

A total graph labeling is an assignment of integers to the union of vertices and edges to certain
conditions. The labeling becomes D -distance vertex irregular total k-labeling when each vertex of
G has a different weight (which is determined by D-distance neighborhood). The total distance
vertex irregularity strength of G denoted by tdis(G) and define as the minimum of the biggest
label k over all D-distance vertex irregular total k-labelings of G. In this paper, we investigate
about D-distance vertex irregular total k-labelings on hairy cycle C;, graphs which can be applied
to cryptography and computational networks. The unique hairy cycle graph construction makes
the weights of each vertex of this graph different and random. Therefore, this weight formula can
be applied in stream cipher cryptography as a key generator. To obtained the formula labeling, we
carried out labeling experiments repeatedly to find labeling patterns and then formulate it into a
labeling function. We also provide the lower bound and determine the value of total distance
vertex irregularity strength of hairy cycle CJ} graphs. we prove that for m = 2,3,4, n = 5 an odd
positive integer , hairy cycle C;} graphs admits an D-distance vertex irregular total k-labelings

with total distance vertex irregularity strength, tdis(C}}) = [%H]
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Introduction

Let G be a pair set (V(G),E(G)), where V(G) is a finite non-empty set of elements called
vertex, and E (G) is a finite (possibly empty) set which is an unordered pair u, v of vertex u, v € V
called edges with order |V (G)| = p and size |V (G)| = q. Graph labeling was defined by (Wallis,
2000) as a mapping from the set of elements in a graph to a set of numbers, usually positif integers.
Based on the domain, labelings are divided into three parts i.e. vertex labeling , edge labeling
and total labeling (Parkhurst, 2014). For complete survey on labeling, see (Gallian, 2018).
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One of vertex labelings that was introduced by (Slamin, 2017) is the distance irregular
vertex labeling. This labelings, inspire from the concept of distance magic labeling by (Miller,
2003) and defined as a mapping f:V(G) — {1,2, ..., k} such that the weight of every vertex v €
V(G) is distinct. The weight v under labeling f is wy(v) = Yyene) f (W), where N (v) is the set
of all vertices which is adjacent to v. Hairy cycle graph is a general construction given by G and
H graph to produced a corona graph G ® H (Wojciechowski, 2006). The corona of graphs G, and
G,, denoted as G; © G,, is a graph obtained by taking a duplicate of graphs G; and |V(G,)|
duplicate of graph G, i.e. G, fori =1,2,...,|V(G,)|, then connect the i-th vertex of G, to each
vertex in G,, (Marzuki, 2018). The idea of distance vertex irregular total k-labeling was first
introduced by (Wijayanti, 2020) as a new concept of total labeling based on both vertex irregular
total k-labeling and distance vertex irregular labeling. A graph admits distance vertex irregular
total k-labeling if there exist a function f:V(G) U E(G) - {1,2, ..., k} such as for every u,v €
V(G) and u # v, the weight of u is not equal to v. Formally, (Wijayanti, 2021) defined the distance
vertex irregular total k-labeling as follows.

Definition 1. Let G(V,E) be a simple connected graph with |V(G)| =p and |E(G)| =p. A
distance vertex irregular total k-labeling is a function f: V(G) U E(G) — {1,2, ..., k} such that the
weight of every vertex of G is distinct. The weight of v € V(G) under the labeling f is defined as

W= ) f@+ ) fuv)
UueN(v) uvel(v)

The total distance vertex irregularity strength of G, denoted by tdis(G) and defined as the
smallest value of k for which G has a distance vertex irregular total k-labeling. The lower bound
of total distance vertex irregularity strength for a graph G given by (Wijayanti, 2020) in the
following lemma.

Lemma 2. Let G(V, E) be a simple connected graph with maximum degree A and minimum degree
6. The lower bound of tdis(G) is

tdis(G) =

V(G) — 1+ 25|
S

As a new concept of irregular labeling, distance vertex irregular total k-labeling has many
advantages. The weight of each node which calculated by distance, giving this labeling flexibility
to apply. Distance vertex irregular total k-labeling on several types of graphs will produce random
vertex weights. This causes the vertex weight function can be applied to cryptography as a
keystream generator. The unique of hairy cycle graph construction allows this type of graph to
have random point weights. From this description, it is very interesting to investigate distance
labeling on hairy cycle graphs. Next, we will use the theorems above to prove some theorems in
the main result.

Materials and Methods

In this section, we define the distance vertex irregular total k-labeling and determine the
total distance vertex irregularity strength of hairy cycle. To do so, first, we carried out labeling
experiments repeatedly to find the labeling patterns of the hairy cycle graph and formulate them
into a labeling function. Hairy cycle graph C% is the corona product of C,, and K,,,, denoted as
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C, ®K,,. Hence, C[ is obtained by taking a duplicate of graphs C,, and |V (C,)| duplicate of
graph K, i.e. Km, fori =1,2,...,|V(G,)|, then connect the i-th vertex of C,, to each vertex in K, .
This result in C;; has (m + 1)n vertices and (m + 1)n edges. mn vertices of degree 1 and n
vertices of degree m + 2. The example of hairy cycle graph €' shown in Figure 1.

Figure 1. Hairy cycle graph C} withm = 4

In Figure 1, the labeling of the vertices of graph G starts from a vertex of degree m + 2 (v;,i =
1, ...,n.), then continues with the edge that connects the vertex v; to v;;. More details, we construct
some theorems and then prove them through the labeling function that has been formulated.

The following theorems gives a lower bound of the total distance vertex irregularity
strength of CJ graph.
Theorem 3. Let CJ} be a hairy cycle graph with m = 2,3,4, n = 5 an odd positive integer. If CJ;
has the distance vertex irregular total k-labeling then

mn+1
tdis(Cl,) = [ > ]

Proof. Let C;} be a hairy cycle graph with with m = 2,3,4, n = 5 and n odd positive integer.
Define f as a distance vertex irregular total k-labeling on C}}.. CJ}, has minimum degree § = 1, and
maximum degreeA= m + 2, with order |[V(C})| = (m+ 1)n and size |E(C})| = (m + 1)n.
V(CYT;'I_) = {Ul, ...,Un, 1]1‘1, ...,vl‘m, vz‘l, ...,vz‘m, ...,vn’l, ...Un’m} and E(C;’-‘L) =
{vlvz, s VU1, V101 1, e V1V, V2 V2,15 w00 V2V UnVn 1) oo vnvn,m}. We obtain,
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mn+1+n [mn+1]}
’ 2

() >
tdis(Cl) = max{ 2+ 2)

. . +1+ +1
For each corresponding value of i, || > [mn
2(m+2) 2

irregular total k-labeling, the vertices weight are distinct. Consequently, the lower bound of the
largest label of hairy cycle graph C}} is

tdis(Ch) > [

] thus, by definition of distance vertex

mn+1]
2

Theorem 4. Let CJ} be a hairy cycle graph with m = 2, n = 5 and n an odd positive integer if C
has a distance vertex irregular total k-labeling then the total distance vertex irregularity strength
denoted by tdis(C3) is

n+1
tdis(CZ")=[ "2 ]

Proof. Let C}* be a hairy cycle graph, V(C}) = {vy, ..., Vn, V11, V12, ) Vn 1, Vn 2} dan E(CH) =
(V1032 oo, Vn V1, V1 V11, V1V12, o) UnVn 1, Un Vi 2 | 1S the set of vertices and edge €7 with [V (CI)| =
3n and |[E(C3)| = 3n. C3} has minimum degree § = 1, and maximum degree A= 4. Based on
lemma 2, the lower bound of tdis(C}) is
mn+ 1 2n+1
ais(cp) = [T - [P
Define f, a distance vertex irregular total k-labeling on CJ' as follows :

. . n
2i—1 ;l=1,2,...,[—]
_ 2
f(vi)_ n
4+ 2(n — i) ;i=[E]+1,...,n
TL_+1_2 .'_1
f(vi,j): ) ,L=1,...,n
j=12
(o i n
2i — 3 ,1_2,...,[2]
o1
flowi) =1 ] n
2i — 2 ;L=2,...,[§]
L j=2
( . , n
2(n—i)+3 ;L:[El—i_l""'n
-
f(vivyj) = 5 / n
2n— i) +2 ;i=[§]+1,...,n
\ j=2
. ;i=1
f(viviy) =] ]l = 1,2

Since wr(v;) = ZvieN(vi)f(vj) + Zvivi'je,(vi)f(vivi,j), fori=12..,n,j=12,n>5n odd
positive integer, we obtain,
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wr(vi1) = f(0) + f(rav11) =1+ 1=2
wr(vi2) = f() + f(vv1,) =142 =3
wr(v21) = f() + f(vev,1) =3+ 1 =4
wr(v22) = f(v) + f(vv52) =3+2=5

wr (vfapina) = £ () £ (Vs pns)
=4+2(n—[g]+1)+2(n—[g]+1)+3
=2n+1

wr (1) = f(W) + f(0av) + f(01v) + f(02) + f(v1v11) + f(v1v12) + £ (V1)

+f (V1,2)
=14

Wf(vz) = f(vy) + f(vivy) + f(vav3) + f(v3) + f(v2v2,1) + f(vzvz,z) + f(v2,1)

+f(v22)
=12

W(vn) = f(vn—l) + f(vn—lvn) + f(vlvn) + f(vl) + f(vnvn,l) + f(vnvn,z) + f(vn,l) +

+f(vn,2)
=16

() = () #F (avigons) 7 (gons) + 7 Cpgprtigrns) +/ (o)

+ 1 (o) +F () + 7 (vppavpeg)

=";1_z+z(n_([g]+1))+3+"T“_z+z<n_([g]+1))+z
+2(E])—1+n;1—2+4+2<n—([g]+2)>+n;1—2

For n odd, we obtain

Wy (v[%lH) =6n-—28

Thus, for i = 1,...,n we obtain the set of vertices weights is we(v;) = {2,3,...,2n + 1}. The
2n+1]

vertices weight are distinct and formed an arithmetic progressive, consequently, k = [ >

Theorem 5. Let C;}, be a hairy cycle graph with m = 3, n > 5 and n an odd positive integer. If
C3 has a distance vertex irregular total k-labeling then the total distance vertex irregularity strength
denoted by tdis(CZ) is

3n+1
tdis(c;l)=[ - ]

Proof. Let CI' be a hairy cycle graph, V(C}) = {vy, ...,V Vi1, o) V13, o) Unps s Uz} dan
E(CH) = {0102, o, Uy Uy, V1 V11, s V1V1 3, oo, UnUp 1, o, UV 3} IS the set of vertices and edge C
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with |V (C3)| = 4n and |E(C3)| = 4n. C3' has minimum degree § = 1, and maximum degree A=
5. Based on lemma 2, the lower bound of tdis(C}) is

mn+1 3n+1
ey = [ |
is(C3) >

2
Define f as a distance vertex irregular total k-labeling on €3 as follows :
3i -2 ji=12.3
f(vi)z . . n
54+ 3(n—1i) ;L=H+1,...,n
n+1 3+[n] =1
f(vi,j)z ) 10 ,yL=1,...,n
j=123
(3_5 -':2 E_
i l =
]=
3i— 4 = e
f(vlvl,])=< ] . y nany 2
]:
3i—3 =200
) )y 2
\ j=
-
r3(n—i)+5 = 3 +1,..,n
j=1
3(n—i)+4 =2 +1
n—i = |= , e,
f(vivi,j)=< 2
j=2
-
3(n—i)+3 v;i=§+1,.,n
\ j=3
. ;i=1
fviis) =] =123

since wy (v,) = Zy,entwp £ (1)) + Zowy jercwp £ (viviy). fori = 1,2 ...,m,j = 1,2,3,n > 5 an odd
positive integer, we obtain,

wr(v11) = f(0) + f(rv1) =14+1=2

wr(v1,) = f() + f(vv1,) =142 =3

wr(vi3) = f(1) + f(ravi3) =1+3 =4

wr(vy1) = f(02) + f(vavp1) =4+1=5

wr (oegens) =7 (egen) + 7 (v
=5+3(n—[§]+1)+3(n—[§]+1)+5
=3n+1

wr(v1) = f(v) + f(vavy) + f(v1v2) + f(v2) + f(v1v1,1) + f(171171,2) + f(v1171,3)
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+f(771,1) + f(Vl,z) + f(v1,3)
=20

wr(vy) = f(v1) + f(v1v,) + f(vv3) + f(v3) + f(vzvz,l) + f(vzvz,z) + f(U2V2,3)

+f(772,1) + f(Vz,z) + f(vz,3)
=19

w(vy) = f(vn—l) + f(vn—lvn) + f(vlvn) + f(vl) + f(vnvn,l) + f(vnvn,z)

+f(Vnvnz) + f(Vn1) + +f (Vn2) + +F(vn3)
= 26

o () =1 () # 7 Cgpavions) #7 (pgons) 1 Crggetippns)
o (vgguns) 7 (tontigons) + () +/ (repon) +/ (o)
AN
_n +1
2

+3(n—[§]+1)+4+

1
—3+[1%]+3(n—[%]+1)+5+—";r —3+[1n—0]
";1_3+[%]+3(n_[g]+1)+3+3[g]
1 1
%—3+[1"—0]+5+3(n—[g]+2)+%—3+[%]

wy (v[%lﬂ) =5 [1n—0] +10n — 17

Forn =1,3,5,7,9 mod 10, respectively, we obtain

2+

n+9 21n — 25
wf(v[gﬂ)—s 1 —17 = ———
n+7 21n — 27
Wf(U[%+1):ST+10n—17:T
n+5 21n— 29
Wf(U[%]+1)—ST+10n—17—T
n+3 21n — 31
Wf<v[%+1)—5 10 +10n—17=T
n+1 21n — 33
Wf(U[%l+1)—ST+10n—17—T

Thus, for i = 1,...,n, we obtain the set of vertices weights is ws(v;) = {2,3,...,3n + 1}. The
vertex weights are distinct and formed a progressive arithmetic sequence, hence k = [%]

Theorem 6. Let CJ} be a hairy cycle graph with m = 4, n = 5 an odd positive integer. If C;* has
a distance vertex irregular total k-labeling then the total distance vertex irregularity strength
denoted by tdis(Cy) is

tdis(CP) = [4" * 1]

2
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Proof. Let C' be a hairy cycle graph, V(C}) = {vy, ...,V Vi1, o) Vis o) Unps s Una} @nd
E(C]) = {0102, o, Vg1, V1V1 1, s V1V 4y oo, UnUp 1, o VnVn o} D the set of vertices and edges
of ¢ with |[V(C})| =5n and [E(C})| = 5n. Graph € has minimum degree § =1, and
maximum degree A= 6. Based on lemma 2, the lower bound of tdis(Cy') is
] mn+ 1 4n+1
tdis(C}) = [ > ] = [ >
Define f, a distance vertex irregular total k-labeling on C7 as follows :

n
f) = ) .m
7+4(n—1i) ;L=[E]+1,...,n
[Zn] 3 =1
— — yL=1,...,n
f(vij) =13
j=1.23
(4i—7 R
l ;L JLLLD] 2
]:
4i— 6 =25
fvivij) = A
4i — 5 =25
2
]:
4i— 4 =2 _E]
: |3
\ j=4
(4(n—10)+6 Q= §]+1,...,n
j=1
4(n—1i)+5 ;i=§+1,...,n
=2
fvvij) =4 . ]. ]
4(n—1i)+ 4 ;l=5+1,.,n
j=3
4mn—1i)+3 ;i=§+1,...,n
\ j=4
: i=1
fowig) =j j=1234

Since wy(v;) = ZvjeN(vi)f(vj) + Zvivi‘je,(vi)f(vivi,j), fori=1.2,..,n j=1234n>5an
odd positive integer, we obtain,

Wf(vl,l) = f(vy) + f(vlvm) =1+1=2

Wf(vl,z) = f(vy) + f(vlvl,z) =1+2=3

Wf(vl‘g) = f(vy) + f(vlvl,g) =1+3=4
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wy(v14) = f(vl) + f(vv) =1+4=5

wy (v[n]+1 1) (v[n]+1) +f (v[n]+1v[n]+1 1)
=7+4(n [2]+1)+4(n [2]+1)+6
=4n+1
Wf(vl) = f(vy) + f(pvy) + f(v1v2) + f(v2) + f(v1171,1) + f(vlvl,z) + f(v1v1,3)

+f(V1V1,4) + f(vl,l) + +f(771,2) + f(v1,3) + +f(771,4)
=28

wr(vy) = f(v1) + f(v1v,) + f(vv3) + f(v3) + f(vzvz,l) + f(vzvz,z) + f(U2V2,3)

+f('72772,4) + f(vz,1) + f(vz,z) + f(vz,s) + f(vz,4)
=26

w(y) = f(Vp_1) + f(Wp_1vp) + f(v1vn) + f(v1) + f(vnvn,l) + f(vnvn,z)

+f(vnvn,3) + f(vnvnA) + f(vn,l) + f(vn,z) + f(vn,3) + +f(vn,4-)
= 36

wr (o) = £ (epens )+ (opeatmins) + 7 (oeonc) + (opecnc)
+ (vfgpena) + 7 (Ppgpentzfons) + 7 (Vggone) + 7 (Vaporviaons
+f (o) + £ (poizgen) + £ (o) * £ (o)
= [Z?n]—3+4(n—[g]+1)+6—3+4(n—[§]+1)+5—3
+4(n—[%]+1)+4—3+4(n—[g]+1)+3+4[g]—3—3—7
n_[g]+z)+[2§]_3
Wy <v[%]+1) =12n—28+6 [Z?n]

Case 1. For 2n = 2,14 mod 24
If 2n = 2 mod 24, then w; (v[ﬂl ) 12n - 28+ 6 [Z| = 12n - 28 + 6 (=
2

2n+1

) = 12n — 22

and if 2n=14mod 24, then w; (vH ) 12n — 28 + 6[ ] — 12n — 28 +6(2”“)
2
= 12n + 2.

Case 2. For 2n = 6,18 mod 24
If 2n=6mod 24, then we obtain w; <v[§]+1) =12n-28+6[%| =12n-28+6(%)

= 12n — 16 and for 2n = 18 mod 24, we obtain wy (v[gl ) 12n - 28+ 65| =12n-
2

28+6(2?n) = 12n + 8.
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Case 3. For 2n = 10, 22 mod 24
2n 2n+2
If  2n=10mod 24, then w; (UE]H) 12n-28+6[%| =12n-28+6(%2)

= 12n — 4 and for 2n = 22 mod 24, we obtain wy (v[ng) =12n—-28+6 =12n-28+
2

6 (2"3” ) = 12n + 20.

Thus, for i =1, ...,n, we obtain the set of vertices weight is wy(v;) = {2,3,...,4n + 1}. Every

vertex weight is distinct and formed an arithmetic progressive, hence k = [4"2“]

Results and Discussion

In the previous, we determine the lower bound of the total distance vertex irregularity strength and
established the exact value of the total distance vertex irregularity strength for hairy cycle graph.
The example of distance vertex irregular total k-labeling on C;}, m = 2,n = 13, described in

Figure 2.
V21 2 V3, 5
SO

5
()—
v
@ e O e
vy ) '
5 RO
Y13

Vi2.2 5 )
@ V4 7 5 l"“‘.l
4
5 5

6
* 7
8
l,".
8 5
5

V11,2 6 11 e 9 V1
5~ 10 V1o 2 14 13 10 5
1 5
V111 fss\ /70\ - 68 e
5 Vg2
11
LW 10 1 121 e 12 @
7 V- 5
Hn 1” Vg2 Vg1 5 ik

Figure 2. A Distance vertex irregular total k-labelingon G}, m = 2,n = 13

To apply this labeling result in cryptography, we do the protocol of modified stream cipher with
distance vertex irregular total k-labeling as follows,

1. Let P, be a set of plaintext (in ascii 127 code), |P| =
Choose w(v;) ;i = 1,...,n of distance vertex irregular total k-labeling on C
Transform the sequence to integer in modulo 127 then convert it to a 7 bit binary number
Use the keystream to encrypt the plaintext. If p > n than then the keystream is reused from
the beginning.

Pwn
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In Example 1, we perform the process of encryption in the modified stream cipher.

Example 1.

Using hairy cycle €13, we choose the weight of vertices of €33 i.e. w(vy),w(vy), ..., w(v,) and
obtained a sequence of random number, 30,29,37,45,53,61,68,70,65,57,49,41,32.
Transforming the sequence integer to modulo 127 results in 0011110 0011101 0100101 0101101
0110101 0111101 1000100 1000110 1000001 0111001 0110001 0101001 0100000. Suppose the
plaintext is 0101111 1110101 0111101 1010100 1001110 1000001 0110001 0110011, the
encryption process is

0101111 1110101 0111101 1010100 1001110 1000001 0110001 0110011
0011110 0011101 0100101 0101101 0110101 0111101 1000100 1000110
S

0110001 1101000 0011000 1111001 1111011 1111100 1110101 1110101

The sequence number is the ciphertext, obtained from the encryption process. The decryption
process is

0110001 1101000 0011000 1111001 1111011 1111100 1110101 1110101

0011110 0011101 0100101 0101101 0110101 0111101 1000100 1000110

®

0101111 1110101 0111101 1010100 1001110 1000001 0110001 0110011

This process reverses the ciphertext to plaintext.

Conclusions

The hairy cycle graph, CJ%, has a distance vertex irregular total k-labeling. For m = 2,3,4,
n = 5 an odd positive integer, the lower bound of total distance vertex irregularity strength of CJ;
istdis(C}) = [mr;“]. The values of total distance vertex irregularity strength tdis(C}}) for m =
2,3,4 are tdis(C}) = [2";1], tdis(C}) = [3";1], and tdis(C}) = [4"2“], respectively. The

formula of selected vertex weight, could be applied on cryptography as a keystream generator for
stream cipher cryptography.
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